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Abstract:

Particle Filter algorithms for filtering latent states (volatility and jumps) of
Stochastic-Volatility Jump-Diffusion (SVJD) models are being explained. Three
versions of the SIR particle filter with adapted proposal distributions to the jump
occurrences, jump sizes, and both are derived and their performance is compared in
a simulation study to the un-adapted particle filter. The filter adapted to both the
jump occurrences and jump sizes achieves the best performance, followed in their
respective order by the filter adapted only to the jump occurrences and the filter
adapted only to the jump sizes. All adapted particle filters outperformed the un-
adapted particle filter.
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1 Introduction

Modelling of volatility and jumps in financial time series plays an important role
in many areas of finance, such as asset pricing, portfolio optimisation, VaR
estimation, option valuation or quantitative trading. Stochastic-Volatility Jump-
Diffusion (SVJD) models (Bates, 1996) treat volatility and jumps as latent
(unobservable) stochastic processes. This allows them to incorporate wide variety
of empirically observed features of financial time series dynamics, such as
volatility clustering, long memory, leverage effect, volatility jumps and jump
clustering. Estimation of these models is, however, notoriously difficult (see
Shephard, 2005). Unlike models that treat volatility as a deterministic function of
past asset price returns (such as GARCH), use of SVJD models involves
estimation of unobservable trajectories of the latent state variables (volatility and
jumps). This cannot be easily done with standard inference methods such as
maximum likelihood estimation (MLE) or generalised method of moments
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(GMM), and computationally intensive, simulation-based approaches must be
used instead (Andersen et al., 2005).

Among methods typically used for SVJD model estimation are the Efficient
Method of Moments and the Markov—Chain Monte Carlo (MCMC) method
(Jacquier et al., 2007). MCMC has become one of the most popular approaches
used for SVJD model estimation (Eraker et al., 2003, Witzany, 2013, Fi¢ura and
Witzany, 2017). A particular drawback of using MCMC in tasks involving
volatility and jumps forecasting is that the latent-state time series need to be re-
estimated whenever new data arrive, which can be very time consuming. A
possible solution to this problem is to combine MCMC with Particle Filters,
allowing us to filter the evolution of the latent states sequentially as new data
arrive. The most commonly used approach is to estimate the model parameters and
latent states with MCMC on the in-sample period and then use the Particle Filter
to filter the evolution of the latent states during the out-sample period. Another
approach is to use Particle Filters not only for the latent states filtering, but also for
the sequential learning of model parameters (see Fulop and Li 2013, and Fulop, Li
and Yu, 2015).

The goal of the presented study is to derive adapted Particle Filters for filtering of
latent states in SVJD models with self-exciting jumps. While the un-adapted SIR
particle filter (Gordon et al. 1993) represents a universal filtering approach, its
sampling efficiency may be low (Pitt and Shephard, 1999), which turns out to be
particularly problematic when it is applied for the filtering of SVJD model jumps,
especially if they are rare. To cope with this problem, we derive three possible
adaptation schemes, adapting the SIR particle filter either to the jump occurrences,
jump sizes, or both, and we show in a simulation study that these jump-adapted
particle filters dramatically outperform the un-adapted particle filter.

The rest of this study is organised as follows. In section two, the filtering problem
is described and the basic un-adapted SIR particle filter is explained. In section
three, the SVJD model with self-exciting jumps is introduced and adapted particle
filters are discussed. In the following three sections, we derive three jump-adapted
particle filters which are subsequently applied in the simulation study and their
performance is compared with the un-adapted particle filter. In the final section,
we conclude the results and discuss possible areas for future research.

2 SIR Particle Filter

The goal of the latent states filtering is to estimate the evolution of latent state time
series x; from the evolution of an observable time series y; that is somehow
dependent on x; but is plagued by observation noise.
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A general state-space model can be written as follows:
Ve = H(xt; Wy, 9)’ (1)
Xe = F(xt—1; V¢, 9)! (2)
where y, is the observation time series, conditionally independent given the

hidden state x, H(.) and F(.) are model functions, 6 is the vector of model
parameters and w; and v; are noise terms.

We further define the observation density as:

p(Velx:, 0) 3)
and the transition density as:

p(x¢|xe—1,6) 4)
with the hidden state x, following the Markov process with initial density
p(x00).

The joint task of latent state filtering and parameter learning is to find the joint

posterior density of the hidden states and model parameters, based on all currently
available information at time t. The problem can be divided into:

p(xt, 01y1:6) = P(x¢e|Y1.6, )P (O1Y1:0), (5)

where the density p(x;|y;.;, @) solves the filtering problem and p(6|y;.;) solves
the parameter learning problem.

When the functions H(.) and F(.) are linear and the distributions of x,, w, and v;
are Gaussian, the problem can be solved analytically using the Kalman Filter.

In the general non-linear and non-Gaussian setting, Particle Filters can be used,
approximating the posterior density p(x;, 8|y;.:) with a set of weighted particles.

In the rest of the text, we will focus on the filtering problem of estimating
p(x¢|y1.t,0) for the cases where the parameters 8 are known and we will thus
omit 8 from the notation. In practical settings, the parameter vector 8 has to be
estimated, either on the in-sample period with MCMC or EMM, or in a sequential
way with Particle Learning (see Fulop and Li 2013 and Fulop, Li and Yu, 2015).

When 6 is known, it is possible to estimate the densities p(x;|y;.+, 0) for all t with
the Sequential Importance Re-Sampling (SIR) Particle Filter (Gordon et al., 1993).

To employ the filter, we first need an estimate of the latent state density p(x,) at
time t = 0, represented as a set of M weighted particles. This initial distribution is
usually drawn from some wide enough prior distribution of the latent states.

For all further steps t = 1, ..., T the particle filter proceeds as follows.
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Given M particles {xt( )1,1 =1,2,. M} with weights Wt( )1, representing the
density p(x¢_1|y1.c—1) attime t — 1, we use the following recursion:

p(x¢|y1:e) fP(J/tPCt) p(xelxe—1)D(Xe—1 | Y1:6-1) X1, (6)

where o« means that the density p(x;|y;..) is proportional to the right-hand side of
the equation up to a normalising constant.

To approximate p(x;|y,.;) we draw random particles (i.e. proposal values of the
latent states) from a known proposal density g(x.|x;_,) and assign them with
importance weights given as:

M _ p(yt|xt)p(xtlxt 1) w® (7)
t Wem1
(xtlxt 1:3’t)

In the most universal, un-adapted version of the particle filter, the proposal density
is equal to the transition density:

g(xti|x,f_1,yt) = p(xﬂx,f_l ) (8)
And the weight update is thus equal to:
= p(yelx) w2, ©)

where p(y,|x{) is the likelihood of the observation y, given the latent state x;.

Normalized weights for time ¢ are then computed as:

=i 3

Arriving at a weighted set of particles {xt(l), =12,.., } with weights w®,
representing the density p(x;|y;.;) at time t.

As the particle weights tend to degenerate after few iterations to the state where
only one particle has a non-negligible weight, a re-sampling step is usually added
to the algorithm. In the re-sampling step, the particles are re-sampled with a
replacement from the current particles set with probabilities proportional to the
particle weights.

The re-sampling can be performed after each iteration or only when the efficient
number of particles (ESS) drops below a certain threshold (ESStp,):

M N\ 2
ESS =1 /Z (w®)" < ESStay (1)
j=1
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3 SVJD Model and the Un-adapted Particle Filter

In the presented study, the SIR Particle Filter is applied for filtering of latent states
of the SVJD model with self-exciting jumps. The SVJD model has 3 equations.

The first equation describes the process of logarithmic asset price returns as:

1 =p+ o0 + Q¢ (12)
where 1. = p; — py—, is the logarithmic return, p; is the logarithm of the asset
price, u is the drift rate, o, is the stochastic volatility, ,.~N(0,1) is a standard
normal white noise, J,~N(u;, ;) is a latent variable determining the jump sizes,
and Q.,~Bern[A;] is a latent variable determining the jump occurrences, so that
Pr[Q; = 1] = A, and A, is the latent jump intensity.

The second equation describes the process of the log-variance as:
he = a+ Bhe1 +veyys, (13)

where h, = log(V,) is the logarithm of the stochastic variance V; = o7, a is the
constant of the model, determining the long-term log-variance via the relationship
a = (1—-B)h,r, B is the auto-regression coefficient, y is the volatility of the log-
variance, and &y, .~N(0,1) is Gaussian white noise in the log-variance process.

The third equation corresponds to the discretized Hawkes process, governing the
self-exciting behaviour of jumps, by defining the process of the jump intensity as:

A = oy + BiAe—1 + ¥y Qt-1, (14)
where 4, is the jump intensity, a; determines the long-term jump intensity via
ap = (1 =By —v;)Aur, By is the speed of the exponential decay of the jump
intensity towards its long-term level 1,7, and y; is the self-exciting parameter,
determining how much will the jump intensity increase within a day following the
Jump Q¢_;.

The SVJD model contains 3 series of latent state variables. Stochastic variances
V:, jump occurrences Q; and jump sizes J;. These latent time series represent the
vector latent state variable x; in the particle filter notation, while the observed
logarithmic returns represent the observable variable y,.

As already mentioned, in the un-adapted particle filter, the proposal density equals
the transition density g(xf|xi_,,y.) =p(xi|xi_;). In the SVID model, the
proposal density will thus be:

p(ht.Jt, Qtlhi-1.Ji-1, Qt-1, A1) (15)
and the proposal values of hi, J{, Qf can be sampled independently from:

9
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p(hi|hi_y )~N(a + Bhe_1,¥) (16)
pUD~N(1)0)) 17
p(Q£|/1£)~Bern[)L§] (18)
The likelihood function of the model is:
p(relht,JE Q) ~N(re; w + JEQL of) (19)
And the weight update will be:
w = p(re|nk gL @Dw, (20)

4 Adapted Particle Filters

As the proposal density of the un-adapted particle filter does not utilise the
information about the observation y, (which is already known at t), it is sub-
optimal and it tends to propose many latent state values that end up being
discarded during the weight update and re-sampling step. This inefficiency is
especially severe in the case of jumps, as the value of A; is often very small and
the vast majority of latent state proposals will thus give Q} = 0, in spite of the fact
that the corresponding . may be very large and thus indicative of the jump. Even
the few proposals that happen to give Q} = 1 may subsequently also get discarded,
as the value of the independently sampled J; may be inadequate or even have the
opposite sign to the observed return. The un-adapted sampling of proposals may
thus be very inefficient with respect to the jumps, and a large number of proposals
will thus have to be generated to achieve reasonable accuracy of the particle filter
(for discussion of alternatives, such as the Auxiliary Particle Filter, see Pitt and
Shephard, 1999).

Solution to his problem is to use an adapted filter, utilising the information about
. during sampling of the proposals. In the ideal case of a fully adapted particle
filter, the proposal density would look as follows:

P(hi;]f;: Q£|h£—1:]g—1»Q£—1:/1i—1'7”t) (21)
Unfortunately, this density is of an unknown form for the analysed SVJD model,
due to the stochastic variance term, that it is log-normal with respect to V}_;, but
inverse-gamma with respect to r;. For approximations of how to sample V¢ in the

MCMC setting which could potentially also be applied in particle filters, see
Jacquier et al. (1994), or Kim, Shephard and Chib (1998).

Fortunately, employment of the particle filter does not require fully adapted
proposal density and an approximate adaptation may be used instead.

10
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Denoting the approximately adapted proposal distribution as:
g(hi,]f, Qti|hft—1»]§—1' Qé_l,/lé_l,rt) (22)
we just need to appropriately assign the updated weights to the sample:
O p(relht, ]t QH)p(hi,JE QR 1, J—1, Qf—1, AL_1) G
‘ 9(ht.Ji Qilht-1,Ji-1, Qi1 iy, Te)
in order to get the weighted sample from p(h, J5, QE|hL 1, Ji_1, Qi1 Ab_1,7¢).

(23)

As sampling of the asset price jumps is the least efficient part of the sampling, we
proceed to derive adapted proposal distributions with respect to the jump
occurrences (Qf) and jump sizes (J{), which can be done analytically, while
leaving the sampling of the stochastic variances un-adapted.

5 Particle Filter Adapted to Jump Sizes

To adapt the proposal density to the jump sizes J;, we rewrite it as follows:
g(hé;].ti; Qﬂh'ft—y]ti—y Qé—ylé—yrt) S . . '
= P(]th' Qt ht—1,Jt-1 Qé—p/l%—l'rt)P(hl' Qtlht—1,Jt-1, Q£—1’/1%—1)

We then sample from p(h{, Qf|hi_4,Ji_1, Qi_1,AL_,) the proposals of h{ and Qf
independently, using the transition densities:

(24)

P(h§'|h£—1 )~N(a + Bhe—1,7) (25)
p(Q:t|4t)~Bern| ;] (26)

In the second step, we sample from the adapted density:
pUEIht, Qi hi—1,JE-1, Q1) Ai-1,T) 27)

which is equivalent to p(J|ht, 7, Q}), and we can sample from it as follows.

If Qf = 0, then p(Ji|hL, 7, QF = 0) = p(J}) and we sample from:

pUt)~N(uy, o)) (28)
If Qf = 1, then we can express p(J|hL, 7, Qf = 1) with the Bayes theorem as:
p(Jilht, e, QF = 1) « p(relhi, JE, Q1) (f) (29)
As both right hand side densities are Gaussian in J{:
pUilht,re, Qt = 1) < N(re; i+ Ji, o )N (i 1y, 07) (30)

11
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we can derive the adapted Gaussian density to sample from as:

P(]Hhi»rt; Qg = 1)~N(#7'U]*) (31)
, (- 1ot + H]Vti
W= (32)
of +V;
. _ UJUti
o =

) 33
’0]2 + V¢ (33)

and the importance weights update is:

@ _ p(Tﬂhé,]é, Qé)p(ﬁ) ~ (D)
© O pUimbr.Qh)

(34)

6 Particle Filter Adapted to Jump Occurrences

To adapt the proposal density with respect to the jump occurrences Qf, we rewrite
the proposal density as:

g(hi']:;'Q_Hh'i—l'»]ti—lfQti—l_'/lé—prt) - _ _ '
=P(Qé|hl'ﬁ: 2—1!]2’—1!Qé—l!’llt—l'rt)p(hljjélhllf—b]é—l'Qé—l' lt—1)

We then sample from p(ht, JElhi 1, Ji 1, Qi_1, AL 1), the values of Al and Jf,
independently, by using the transition densities:

P(h§'|h£—1 )~N(a + Bhi—1,7) (36)
p(J1)~N (1, o)) (37)

(35)

Then we sample Q} from:
P(Q“hi:]é: é—p]g—p Qg—p é—p’”t) (38)

which is in our case equal to p(Qf|hL, /i, Qi_1, AL_q, 1) and p(Qi|hL JE AL 1), as
the jump intensity A} is given deterministically by Q;_; and A%_;.
From the Bayes theorem we can derive the adapted density as:
p(Qilht, Ji, At 1) ~Bern[A’] (39)
N(rt;/,t +Ji, ati)/li

Al = — : . 40
©N(rsu o)A+ N of) (1 - 25) “

12
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And the importance weight update is:

o _ Pk 0D () (1= 2)" w® (41)
@ -2)

7 Particle Filter Adapted to Jump Sizes and Occurrences
We can rewrite the proposal density as:

g(hé,]ti, Qg |hlif—ll]ti—1' Qg—p Aé—p rt)

et e : , , - . . ; 42
= pU Qilhl -y S Qo Aoy, )R (R Sy, Qi 2hy) D)
And decompose the bi-variate density for J} and Q} into:
i‘ ihi, i_'i_’ i_ ,/1i_,T'
P(]t Q¢lht, he—1,Ji-1, Q=1 At—1 t) (43)

=P(]z€|hi:Q£: %—1:]5—1'Qg—l:/lit—l:rt)p(Q“hi' g—l!]g—lthi—l' it—l'rt)
which equivalent to:
P(]g; Q“hi; g—l:]é—l! Qg—lJ)lé—l'rt) =p(],§|hi,Q£,rt)p(Qé|hi, %'rt) (44)
for Qf = 0 it holds that:

p(Jilht, 1, Qf = 0) = p(Ji) (45)
with p(]é)«»N(y], 0]).
For Q{ = 1 we need to use the Bayes theorem to express p(J{|hi, 7, Qf = 1) as:
p(Jilht, 1, QF = 1) « p(relhi I, QF)p(JE) (46)
which is a multiple of two Gaussian densities:
p(ilht, 1, @t = 1) < N(re; 1+ JE, 0t )N (s 1y, 0)) (47)
and the adapted density can be derived as:
p(ilht, 1, Qf = 1)~N(uj, of) (48)
N2 i
=t =
0_]* _ O']O'ti

) 50
’0]2 + V! (50)

13
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The next task is to derive the density p(Qf|h, A}, 7). Using the Bayes theorem:
p(Q¢1ht, A, 1) o« p(re|ht, QF)p(QE14¢) (51)
the density p(r¢|h{, Qf) is the marginal of p(r,J,|ht, Q}), integrated over J,.

When Q! = 0, then J, and r; are independent, and thus:

P(’ﬂhi;Qti = 0) = N(Tt;ﬂ' Uti) (52)
When Q} = 1, then we decompose the density p(,J|hL, Qf = 1) into:
p(re.Jelht, @t = 1) = p(relle, ht, @1 )pUe i, QF) (53)
Which is a multiple of two Gaussian densities:
p(rt:]t”li: Qg = 1) = N(Tti u +]t'0-ti)N(]t;.u]'o-]) (54)
Or equivalently:
p(re.elht, @t = 1) = N(re — ;e 0f )N (s 1y, 07) (55)

The density . —u is a Compound Gaussian density with mean distributed
according to the Gaussian density N(J;; y;, 07). We can thus integrate over J, to

get:
p(re|ht, Qi =1) = N(rt;u] + u, ’012 + Vg) (56)

Returning to the relationship p(Qf|ht, AL, 1) o« p(r|hL, Qf)p(QF]AL), we see that
we can easily compute the normalising constant, as the Q} is only binary.

Thus, we get for p(Qf|hL, AL, 7 ):
p(Q£|hi, i,rt)~Bern[/1i*], (57)

N (rt;/,z] +u, /012 + Vti> AL
N <rt;u] + 1, /012 + Vg) A+ N(r;p0d)(1—21)

In order to sample from the proposal density, we will first sample from the
transition density p(h¢|h{_,), given as:

p(hilhi_1 )~N(a + Bhe1,¥) (59)

ix
A =

(58)

14
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Then we sample from the adapted jump occurrence density p(Qf|hL, AL, ¢ ):

p(QHhé, L rt)~Bern[/1it*] (60)
And finally, the adapted jump sizes from p(J{|ht, Qf,7;), as already described.
The importance weight update is:

i iy (1030 1 \1-0f
. T, hl' l’ L Nl 1 =1 .
W(z):?’( t|' /'t Qt)?(]t?(;i) ( ' i)—Qi w® (61)
p(Uilher @)(AT) (1 -27)
8 Simulation Results
Time series of returns were simulated according to the described SVJD model

with parameters given as: u = 2=, j; = —0.01, 0j = 0.04, Vy7 = ei-F = 0.012,
— — — aj — — —
B =098,y =02, Ay = ;5= 002, f; = 095, andy; = 0.04,

For illustration purposes, we first show the performance of a particle filter with
only 100 particles (and a 50 particle re-sampling threshold) on a simulated time
series with 4,000 observations, for the un-adapted filter, and for the filter with
fully adapted jumps (i.e. the filter adapted to jump sizes and occurrences,
described in Section 7).
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Fig. 1 Simulated vs. filtered time series for the un-adapted particle filter
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Fig. 2 Simulated vs. filtered time series for the jump-adapted particle filter
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Figure 1 shows filtered latent state time series for the stochastic log-variances,
variances, jump intensities and jump occurrences for the un-adapted particle filter,
while Figure 2 shows the same filtered time series for the jump-adapted filter.

While we cannot see any pronounced differences in the log-variance and variance
time series, we can see that the un-adapted particle filter estimated far less jumps,
and that it struggled to capture the increases in jump intensity, caused by the jump
self-excitation around the 2,000th and the 3,000th period of simulation. The
adapted filter, on the other hand, managed to estimate larger number of jumps and
it was also able to better capture the evolution of the jump intensity.

To compare the results more quantitatively, the simulation was run 200 times, and
the four proposed filters (un-adapted, jump-size adapted, jump-occurrence
adapted, and fully jump-adapted) were applied to each of the simulations. R-
Squared (R2) was computed to assess how well do the filtered estimates fit the
log-variance, variance and jump-intensity, and the Accuracy Ratio (AR) was used
to evaluate how well do they manage to filter the simulated jumps. Figure 3 shows
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the distributions of these quantities over the 200 simulations for all of the
proposed filters.

Fig. 3 Distribution of the R2 and AR achieved in 200 simulation runs
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Source: Authorial computation.

We can see that the un-adapted particle filter achieved by far the worst results,
followed by the jump-size adapted filter and the jump-occurrence adapted filter,
while the best performance was achieved by the fully jump-adapted particle filter.

The mean values of the R-Squared (R2) and the Accuracy Ratio (AR) achieved
over the 200 runs of the simulation test are summarised in Table 1.

Tab. 1 Average R2 and AR of the filtered estimates in 200 simulation runs

jump intensity  jump

Particle Filter log-variance R2 variance R2 R? occurrence AR
Un-Adapted filter 0.604 0.456 -0.002 0.160
Jump-size adapted 0.673 0.553 0.326 0.484
Jump-occurr. adapted 0.708 0.599 0.501 0.732
Fully jump-adapted 0.711 0.601 0.490 0.747

Source: Authorial computation.
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The numerical results in Table 1 clearly show the fully jump-adapted and the
jump-occurrence adapted particle filters to be the best, while the un-adapted
particle filter achieved the worst results, especially with regards to the filtering of
the jumps.

9 Conclusion

Particle filter algorithms for the filtering of latent state time series of SVJD models
were explained and several methods of how to adapt these filters to the jump
occurrences and jump sizes were derived. The results of the simulation study show
that the proposed jump-adapted particle filters significantly outperform the un-
adapted particle filter in their ability to filter the latent volatility and jumps. The
filter adapted to both the jump occurrences and jump sizes achieved on average the
best results, followed narrowly by the filter adapted only to the jump occurrences.
The performance of the filter adapted only to the jump sizes was lower, but still
much better than for the un-adapted particle filter. In future studies it would be
interesting to test particle filters approximately adapted to the stochastic variances
as well, and to apply the methodology to more complex SVJD models, including
jumps in volatility, correlation between volatility and returns, multiple volatility
components, or other empirically observed effects of financial time series.
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